Motion of a Solitonic Vortex in the BEC-BCS Crossover by Ji, Wenjie et al.
Motion of a Solitonic Vortex in the BEC-BCS Crossover
Mark J. H. Ku, Wenjie Ji, Biswaroop Mukherjee, Elmer Guardado-Sanchez,
Lawrence W. Cheuk, Tarik Yefsah, and Martin W. Zwierlein
MIT-Harvard Center for Ultracold Atoms, Research Laboratory of Electronics, and Department of Physics,
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
(Received 27 February 2014; published 4 August 2014)
We observe a long-lived solitary wave in a superfluid Fermi gas of 6Li atoms after phase imprinting.
Tomographic imaging reveals the excitation to be a solitonic vortex, oriented transverse to the long axis of
the cigar-shaped atom cloud. The precessional motion of the vortex is directly observed, and its period is
measured as a function of the chemical potential in the BEC-BCS crossover. The long period and the
correspondingly large ratio of the inertial to the bare mass of the vortex are in good agreement with
estimates based on superfluid hydrodynamics that we derive here using the known equation of state in the
BEC-BCS crossover.
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Solitary waves that do not spread as they propagate are
ubiquitous in nonlinear systems, from classical fluids and
fiber optics to superfluids and superconductors. These
waves are localized objects with defined energy and mass,
and as such they can be described as an effective single
particle emerging from a many-body environment. This
distinguishes them from larger-scale collective excitations
such as shape oscillations of a superfluid, or from pertur-
bative linear excitations such as phonons. Paradigmatic
examples of solitary waves in superfluids are planar
solitons that separate regions of differing phase, as well
as vortex rings or single vortex lines [see Fig. 1(a)]. The
direct creation of such localized and highly nonlinear
objects “on demand” in ultracold quantum gases allows
for an excellent dynamical probe of novel superfluids, such
as strongly interacting Fermi gases [1] or spin-orbit coupled
Bose-Einstein condensates [2,3].
In a recent experiment on fermionic superfluids at MIT
[1], long-lived solitary waves were produced that featured a
large ratio of inertial to bare (missing) mass of over 200,
evidenced by an oscillation period over 15 times longer
than the period for a single atom. The observed absorption
images suggested the interpretation of the waves as planar
solitons, but the longevity as well as the large effective
mass ratio were unexpected for this type of defect [4–7].
Indeed, the nodal plane of a soliton is energetically more
costly than the nodal line of a vortex, and planar solitons
can decay into lower energy excitations via the snake
instability, the undulation of the soliton plane [4]. Several
recent works therefore suggested that these solitary waves
are vortex rings [8–10]. For weakly interacting Bose-
Einstein condensates, solitons have been created [11,12]
and observed to decay into vortex rings [13,14]. The latter
further decay into a vortex-antivortex pair that eventually
breaks up, leaving behind a single remnant vortex [15–17].
The exact process was recently elucidated in a discussion of
apparent soliton oscillations observed in weakly interacting
BECs [18,19]. In the case of strongly interacting fermionic
superfluids, the understanding of such nontrivial dynamics
presents a challenging nonequilibrium many-body prob-
lem [8,20].
In this Letter, we investigate the nature of the long-lived
solitary wave observed in Ref. [1] via tomographic imaging
and identify the wave to be a solitonic vortex [15–17]. The
term describes a vortex placed in an elongated geometry,
such as the cigar-shaped superfluid of the present experi-
ment, where the transverse Thomas-Fermi cloud radius R⊥
is much smaller than the axial radius Rz. In this case, a
vortex deforms the superfluid phase only in a restricted
region of axial extent ∼R⊥. The vortex together with the
surrounding flow field thus constitutes an effective particle
localized to within R⊥ ≪ Rz. Its far-field phase profile
resembles that of a dark soliton. In particular, the phase
difference across a stationary solitonic vortex in the axial
direction is π, the same as for a stationary dark soliton.
A vortex moving in the axial direction at a critical speed
converts into a gray, moving soliton [17]. In the tightly
confining limit where R⊥ approaches ξ, the vortex core
size, a stationary solitonic vortex becomes energetically
degenerate with a dark soliton [16,17]. In the limit of an
isotropic system where R⊥ ∼ Rz, one recovers a conven-
tional vortex. A solitonic vortex thus represents the link
between the topologically protected excitations in one and
three dimensions. The precessional motion of the vortex,
projected onto the long axis of the cigar-shaped atom cloud,
appears as the oscillation of a particle of inertial mass M
and bare mass M. As we show below, the bare mass scales
as the missing mass inside the vortex core,M ∝ mnξ2R⊥L,
while the inertial mass M ∝ mnR3⊥=L is proportional to
the volume R3⊥ in which flow is perturbed by the vortex.
Here, n is the gas density and L ¼ lnðR⊥=ξÞ is a loga-
rithmic correction that is on the order of 3 to 5 in our
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experiment. Thus, M=M ∝ R2⊥=ξ2=L2, which can easily
approach 200 for our experimental parameters, thus
explaining the experimental findings in Ref. [1].
We create fermionic superfluids using a balanced mix-
ture of the two lowest hyperfine states of 6Li, j1i and j2i.
A Feshbach resonance allows us to tune the interparticle
interactions from the limit of Bose-Einstein condensation
of tightly bound molecules towards the regime of BCS
superfluidity [1,21]. The atom cloud contains 1–10 × 105
atoms per spin state and is cigar shaped due to a tight radial
confinement from an optical dipole trapping beam propa-
gating along the (horizontal) z direction, in combination
with a weaker, harmonic confinement along z provided
by a magnetic field curvature. The radial and axial
trapping frequencies are varied in the range of ω⊥=2π ≈
55–75 Hz and ωz=2π ¼ 5–23 Hz. Gravity slightly weak-
ens the trapping potential along the vertical y direction,
causing a residual anharmonicity and an anisotropy
ωy=ωx − 1 ≈ −5%.
The solitary wave is created as in Refs. [1,11,12,18] via
phase imprinting, whereby one half of the superfluid is
exposed to a blue-detuned laser beam for a duration that
causes a phase shift of the order parameter close to π.
To observe the magnitude of the superfluid wave function,
we employ a rapid ramp to the BEC side of the Feshbach
resonance during time of flight [1,21,22]. In addition to
emptying out defects such as vortex cores [22], the ramp
effectively increases the healing length ξ of the superfluid
to observable values (typically ∼20 μm). The observed
width of the defect after the rapid ramp and time of flight
thus does not reflect the in-trap width, which is expected to
be on the order of one interparticle spacing ∼1 μm [23].
Absorption images are taken along the vertical direction
[see Fig. 1(b)].
In order to lift the ambiguity on the nature of the
observed excitation, we employ a tomographic technique
whereby only a chosen slice of the full atom cloud is
imaged after time of flight [see Fig. 1(b)]. This method
gives direct access to the local density of the 3D cloud.
Tomography is achieved by optically pumping within 10 μs
all atoms outside the desired slice into hyperfine states that
are off resonant with the imaging transition for state j1i,
predominantly state j6i. The slice is selected by masking
part of the optical pumping light with a thin wire, and
projecting the wire’s shadow onto the atom cloud. The slice
thickness is measured to be 23ð1Þ μm (¼ 2σ of a Gaussian
fit), comparable to the width of the observed solitary wave
after time of flight, and about one sixth of the transverse
cloud diameter after expansion. Since the imaging pro-
cedure is destructive, each run of the experiment provides a
single slice at a given time of the defect’s motion. Thanks
to the high degree of stability of our experiment, reliable
tomography can be built up from many repetitions of the
experiment.
Representative tomographic images for the unitary
fermionic superfluid are shown in Fig. 1(c), taken 1.6 s
after the phase imprint. A line of depletion with about 40%
contrast cuts across the entire cloud in one particular slice.
This immediately demonstrates that the solitary wave is not
a vortex ring. On average, only a specific one of the six
slices imaged features the depletion. The strong depletion is
thus not a planar soliton, as we interpreted in our previous
paper [1] . Instead, our observation is consistent with a
single, solitonic vortex. For the present experimental
conditions we observe the vortex to be horizontal in every
single repetition of the experiment. Due to the slight
anisotropy of the trap, the vortex can minimize its energy
by aligning along the short axis, while orientation along the
longer, intermediate axis is unstable [19,24,25]. Slight tilts
of the vortex into the vertical direction cause partial vortex
lines to be detected in a given slice, as seen for slice
position y ¼ −39 μm in Fig. 1(c).
In a fully 3D setting where the radial cloud size R⊥ is
much larger than the vortex core size ξ, an off-center
transverse vortex will undergo precessional motion along
equipotential lines [26,27]. Tomographic imaging enables a
measurement of the vortex position in the z-y plane [see
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FIG. 1 (color online). (a) Examples of solitary waves in 3D
Bose-Einstein condensates. Shown are simulated column density
profiles in the (z-x) plane (upper row), the local density of the
cloud in a central layer in the (z-y) plane (middle row), and
the phase (lower row) for a soliton (left), a solitonic vortex
(center), and a vortex ring (right). The images correspond to
μ=ℏω⊥ ¼ 7.31, 7.14, and 10.66. (b) Schematic of the exper-
imental tomographic imaging technique. A partially masked
optical pumping beam propagating along z (not shown) selects
a 23 μm thick slice within the expanded atom cloud for
absorption imaging along the vertical y direction. (c) Tomography
of a unitary fermionic superfluid of 6Li atoms containing a
solitary wave. Shown are density distributions of horizontal slices
selected at different y positions. Tomography reveals a single
solitonic vortex.
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Figs. 1(b) and 1(c)]. The vortex’s z coordinate is readily
obtained from the images. The y coordinate is given by
the position of the slice that contains the vortex (e.g., in
Fig. 1(c), the vortex is observed at y ¼ −13 μm). In order
to refine the determination of the y position of the vortex, a
histogram of occurrence as a function of the slice position is
built up from several (∼7 runs per slice position) repetitions
of the experiment, and for each time of the vortex’s motion.
Representative images and density profiles of slices con-
taining the vortex are shown in Fig. 2, along with histo-
grams of the occurrence of vortex observations in each
slice. The z-y coordinates of the vortex lie on an ellipse with
the same aspect ratio (after expansion) as the atom cloud, as
expected for vortex precession along equipotential lines.
The period of the vortex motion can be estimated from
superfluid hydrodynamics and the equation of state in the
BEC-BCS crossover [28]. Our Hamiltonian approach is
analogous to that used to describe the motion of vortex
rings in Ref. [29]. We take the vortex to be aligned in the
transverse x direction, and located at ~r0 ¼ ðy0; z0Þ in the y-z
plane. The free energy EV of the vortex is dominated by
the kinetic energy of its flow field ~v ¼ ℏ∇ϕ=mB, where
ϕ ¼ arctanððy − y0Þ=ðz − z0ÞÞ is the phase profile near the
vortex, and mB ¼ 2m the boson mass. One finds EV ≈R
1
2
mnv2d3r ¼ ðπℏ2m=m2BÞn2Dðy0; z0Þ lnðR⊥=ξÞ to loga-
rithmic accuracy, i.e., in the limit lnðR⊥=ξÞ ≫ 1. Here, n
is the gas density, n2D is the column density along the
vortex line, R⊥ is the transverse Thomas-Fermi radius,
much smaller than the axial radius Rz, and ξ is the
characteristic size of the vortex core. In the crossover we
may take ξ ¼ 1ﬃﬃ
2
p ℏ=mBc, with c the speed of sound, a
definition that recovers the healing length in the BEC
regime. At unitarity, this yields ξ ≈ 1=kF where kF ¼
ð3π2nÞ1=3 is the Fermi wave vector, a reasonable estimate
[23], especially within logarithmic accuracy.
The canonical momentum of the vortex along the
axial z direction is given by Pz ¼
R
mnvz d3r ¼ ðm=mBÞR
ℏn∂zϕ d3r. Since R⊥ ≪ Rz, the phase gradient is con-
centrated in the neighborhood of the vortex in a range
of size ∼R⊥ along the z direction, allowing us to set
nðx; y; zÞ ≈ nðx; y; z0Þ. The integral of ∂zϕ over the z
direction thus simply equals π or −π, depending on whether
the path runs along y < y0 or y > y0. One thus has Pz ≃
ðm=mBÞℏπð
R y0
−R⊥ dy −
R
R⊥
y0
dyÞn2Dðy; z0Þ ¼ ðm=mBÞℏπR
y0
−y0 dyn2Dðy; z0Þ. Assuming harmonic trapping and the
local density approximation, we deduce the axial velocity
of the vortex from Hamilton’s equation
_z0 ¼
∂EV
∂Pz ¼
∂EV=∂y0
∂Pz=∂y0 ¼ −
ω⊥
ωz
Ωy0;
and similarly _y0 ¼ ðωz=ω⊥ÞΩz0, with the angular
frequency
Ω
ωz
¼ 2γ þ 1
8
ℏω⊥
μ
ln

R⊥
ξ

:
Here, γ ≡ ðμ=nÞð∂n=∂μÞ is a polytropic index determined
by the equation of state, and μ is evaluated at the vortex
position. γ ¼ 1 in the BEC regime, while γ ¼ 3=2 at
unitarity and in the BCS regime. The equations describe
the precessional motion of the vortex with angular fre-
quency Ω along an equipotential line of the trap with
μ ¼ const, i.e., y20=R2⊥ þ z20=R2z ¼ const. The result is
identical to what one finds by equating the Magnus force
[30] hn2Dxˆ ×
_~r0 to the force −∇EV acting on the vortex,
and it generalizes the known result for vortex motion in
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FIG. 2 (color online). Observation of vortex precession in a
unitary fermionic superfluid via tomographic imaging. (a) Repre-
sentative horizontal slices showing the oscillation of the vortex
along the z axis. Time t ¼ 0 smarks 600msafter thephase imprint.
The y position of each slice can be inferred from (c). (b) Density
profiles normalized by the peak density, showing a depletion of
typically 30% contrast. The solid line is a sine fit to the vortex
positions (black dots). (c) Average occurrence of the vortex at a
given y position of the slice as function of time, showing the vortex
oscillation along the y axis. Red dots: average y position of the
vortex from Gaussian fit at the given time. Solid red line: sine fit.
(d) Reconstructed precessional motion in the z-y plane.
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trapped, weakly interacting Bose-Einstein condensates
[26,27] to superfluids with arbitrary equation of state.
We find the inertial mass of the vortex [5]
M ¼ ∂Pz∂ _z0 ¼
∂Pz=∂y0
∂ _z0=∂y0 ¼ −
4π
2γ þ 1
n2DR2⊥
lnðR⊥=ξÞ
m;
which is proportional to the total mass of atoms contained
in the volume R3⊥, while the bare mass
M ¼ − ∂EV∂μ m ¼ −π
2γ þ 1
4γ
n2Dξ2 ln

R⊥
ξ

m
is only proportional to the mass of “missing” atoms
contained in the vortex core. Here we have used
μ¼ γmc2¼ γℏ2=2mξ2. The ratio M=M ∝ R2⊥=ξ2=
½lnðR⊥=ξÞ2 thus depends on the transverse size of the
system and can become large. In contrast, the bare and
inertial mass of a planar soliton are both on the order of the
mass of “missing” atoms in the soliton plane, ∝ nξR2⊥, and
their ratio is bound to be on the order of unity in the
crossover regime close to resonance. Using the experimen-
tal parameters of μ=ℏω⊥ ≈ 25–35 [1], the hydrodynamical
model yields a normalized vortex period TV=Tz ≈ 11–15
and effective mass ratio M=M ¼ 130–220, in close
agreement with the measured values.
We have taken extensive data for the vortex period in the
BEC-BCS crossover exploring a wide range of chemical
potentials. Figure 3 shows the normalized period TV=Tz
versus μ=ℏω⊥ including data for several aspect ratios,
interaction strengths, and atom numbers. Chemical poten-
tials were extracted from the measured axial Thomas-Fermi
radius of the cloud and the known axial trapping frequency.
The inset in Fig. 3 shows the data from Ref. [1] along with
the theoretical prediction for a fixed, characteristic atom
number of N=2 ¼ 3 × 105 per spin state, using the known
equation of state in the BEC-BCS crossover [28]. The data
are in good agreement with the approximate theory, from
the BEC regime towards resonance and into the BCS
regime. Corrections beyond logarithmic accuracy could
be important as lnðR⊥=ξÞ is only 3–5, but they are not
known in the crossover beyond the weakly interacting BEC
regime, and are the subject of debate [31]. Generally, there
will be a contribution to the vortex’s inertial mass from
superfluid backflow, the Baym-Chandler mass [32]. For a
strongly interacting Bose gas, quantum depletion localized
inside vortex cores will modify the inertial and bare mass
[33,34]. In the BCS regime, one expects a contribution due
to fermions trapped in Andreev bound states inside the
vortex core [35], the Kopnin mass [36]. For a molecular
BEC, the prediction from the Gross-Pitaevskii equation is
[26,27] Ωωz ¼ 38 ðℏω⊥=μÞ½ln ðR⊥=ξÞ þ 34 and is shown in
Fig. 3 to agree well with the data.
An interesting future investigation concerns the early
times a few milliseconds after the phase imprinting. Is the
single observed vortex a result of multiple decay processes,
in which an initial planar soliton decays into a vortex ring,
that further decays into vortex-antivortex pairs, followed by
a “sling-shot” event [19] by which one of the vortices is
ejected? Or does the phase imprint rather directly create
vortices of a given circulation? For example, solitons that
are slightly tilted with respect to the transverse direction
can efficiently convert into solitonic vortices of one type of
charge, removing the required angular momentum from a
collective mode of the gas cloud [37].
In conclusion, we have implemented a tomographic
imaging technique that allowed us to conclusively dem-
onstrate that a long-lived solitary wave observed in our
fermionic superfluid is a solitonic vortex. The vortex is
topologically protected, explaining the long lifetime of the
wave, and its theoretical inertial to bare mass ratio agrees
with that found experimentally. Solitonic vortices can be
expected to occur as persistent defects created via a Kibble-
Zurek mechanism [38,39], via phase imprinting [18,19] or
even via thermal excitations, as hinted at by the observation
of thermally induced defects in Ref. [1]. They also
correspond to the “N”-shaped vortices created via rotation
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FIG. 3 (color online). Normalized period of the solitonic vortex
TV=Tz, as a function of the normalized chemical potential
μ=ℏω⊥. Experimental data are for magnetic fields B ¼ 850 G
(BCS side, square) and 832 G (unitarity, circle), and for the BEC
side at 800 G (triangle), 760 G (diamond), 740 G (inverted
triangle), and 700 G (hexagon). ωz=2π was 23 Hz (solid
symbols), 10 Hz (framed), 5 Hz (dotted). Predictions in the
BEC regime: solid blue line from Ref. [26], dashed black line
from Ref. [27]. Red solid curve: hydrodynamic prediction on
resonance, assuming ξ ¼ 1=kF. The error band is bounded by the
choice ξ ¼ 1=2kF (lower bound) and ξ ¼ 2=kF (upper bound).
Inset: TV=Tz as a function of the interaction parameter 1=kFa,
data from Ref. [1]. Square, diamond, and circle are for
ωz=2π ¼ 23, 10, and 5 Hz, respectively. Atom numbers range
from N=2 ¼ 1 × 105 per spin state in the BEC regime to 3 × 105
around resonance. Solid curves: hydrodynamic prediction fixing
N=2 ¼ 3 × 105, and ωz=2π ¼ 23 Hz (gold), 10 Hz (red), and
5 Hz (black).
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in Ref. [40], in the limit of zero rotation frequency (called
“S” shaped in Ref. [41]). Further studies on this topological
excitation created “on demand” concern the interaction
of multiple solitonic vortices in fermionic superfluids, a
measurement of the current-phase relation of solitonic
vortices [17], their contribution to flow resistance of the
superfluid [42], and the observation of Andreev states
bound to vortex cores [35].
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Note added.—Recently, two related manuscripts [43,44]
have been posted online.
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